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Elication- Pythagorean Triples

Consider the equation

y= z

We will find all integer

solutions to this equation .

#xix = 3 , y = 4
,
z = 5

is a solution .

Let ReX.

Then
,

x = 3, y = 4 R,
z = 5 M

is also a solution because



32 + 42 = 52

n2[32 + 42) = k- [S2]

32k" + 43k2 = 532

(3k)2 + (44)= (5k)2

So we can get an infinite #

k

=>>



Another way toyet more

solutions from a single

solution is vary
the signs .

Exi

Start with x = 3
, y = 4

,
z = 5

.

Get these 8 solutions :

(x , y , z) = (3 ,
4

,
5)

S
(- 3

,
4

,
5)[

13, 49

( = 3
,

- 4
,
5)

,
(- 3,

4
,
-5)

( - 3
,

- y
,
- 3) , (3,

- 4
,
5)



Another way to get solutions

is set one or all variables

to be zero .

Some solutions to x+ y= z are

x = 2
, y = 0

,
z = 2

x = 0
, y = - 10 ,

z = 10

and so on ,

-



Lef: We call (x , Y , z)

a Mythagoreantriple if

D X
, y ,

z-2

②x2 + y2 = z

③ (x , y ,
z) # (0 ,

0
, 0)]a

If in addition ,
x 30, %70,

z7

then we call (X , Y ,
z) a

-ositivePythagorean triple.

-
E: (3 ,- 4 , 5)]Pythagoreantriples

(0 ,
3

,
3)

(3 ,
4

, 5)] positive Pythagorean
triple



Ex: (x, y ,
z) = (25

,
60

,
- 65)

is a Pythogean triple because

x+ y = 25" + 602 = 625 + 3600

= 4225

= (65) = z

So
,

x2 + y2 = z

Let d = gcd(25,
60

,

- 65)

Then ,
d = 5 .

And ,

(x, y ,
z) = (25,

60,
- 65)

= (5 . 5
,

5012
,

- 5 : 13)

=> (d . 5
,

d : 12 ,
- d : (3)



Also, (5,
12

,
13) is a positive

Pythagorean triple with

gcd(5 ,
12

,
13) = 1.

We can
"make" (25,

60
,
-65) -

from the positive Pythagorean triple

(S,
12

,
13) like this :

(5 ,
12

,
13)2 (25,

60 , 65)

(25,
60 ,

- 35

-

Reef: Let (x , 3 , z) be a

We
Pythagorean

triple.

-

say that (x , Y ,
z) is primitive

-+ yed(X, y , z) = 1 .



rem: Any Pythagorean
triple is of the form

(Ida ,
Idb,

Idc) where

(a ,
b

,
c) is a primitive

Pythagorean
triple and

o
(9 ,

-12, - 15) = (3 . 3
,
- 3 . 4

,
- 3 . 5)

d=3,
= (3 ,

4
,
5)

primitive
9cd(3 ,

4
,

51 = /

-

Exi 10 , 4
:-4)a



(0 , 4 ,

- 4) = (4 . 0
,

40
,
-4 . 1)

= 4

,
-

proof of

theorem
:

(X , y ,
z) be a Pythagorean

Triple

Then ,
x2+ y" = z and (x

, Y, z) + 10
,

0
, 0

and X
, y ,

ze *

Let d = gcd (x
, Y ,

z) .

From class , gcd(*) = 1.

Set

a=)s b = (2) =(



(x , y , z) = (Ida,
=db,

[dc)

where-depends on the signs of

a ,
b,

Then ,

-We see au,
b,

0
,

30 .

Since dlx
,

dly ,
diz we

know
a

,
b, c are integers.

And gcd (a ,
b

, c) = 1.

Furthermore,

a + b =1*2+ 131

= ((2 + (5)2

= &(x + y been&
= ((z)) triple.



= (2
= (2=

Thus,
(a ,

b
, c) is a Pythagoreal

Triple
and its primitive-



mmmary: There are three kinds

of Pythagorean triples.

2
x (3,

0
,
-3)

D(x,
0

,
IX) E= (3)

② (0, 3 , 1y) *=: (0,
7

,
7)C82 + 72 = 72

③ thenthat are multiples
-

of positive primitive Pythagorean

with possible sign adjustments
triples -

15 ,
12

,
13) x)

i
iii)

Positive -[primitive adjustment
Pythagoread
triple



Thus
,

we just need a formula

for the positive , primitive-Pythagorean triples .


