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Topic6-Gaussian Integers

ef: The set

& [i] = (a +bi)a,
b = 2)

=S0 + 3i
,

1 + i
,

- 10 + 0 .... Y
is called the set of Gaussian

-

integers .

thereI
it at the point (x, Y) .
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a Gaussian integer .

Define

the m
of z to be

N(z) = x2 + ya



Theabsolute value of z is

(z)=x + yz

-x: N(2 + 3) = 2+ 3 = 13

· 2 + 3i

-N(2
+ 31

[

-

Theresem: Let z
,
we[[i].

Then : &&

Dz + we[i] YESi)
is Had

under adding
and



multiplying② zw2[n] Summ

③ N(z)EZ and N(z)30

① N(z) = 0 iff z = 0

⑤ N(zw) = N(z)N(w)

Iroof of S :

Let z = a + bi ,
w = c + di.

Then,

N(zw) = N((a + bi)(c + di)

= N(ac + adi + bci + bdiY

= N[(ac - bd) + i(ad+ bc)]
A

1⑰
= (ac- bd)+ (ad + bc)

tile= ac-2abcd + b3d
+ ad + 2abcd + b



= ac+ ad + bic + b2d

= a(c + d2) + b (c +d2

= (a + b)(c+ d'

= N(a+ bi)N(c + di)

= N(z)N(w)
--

You can think of N(E) as

Gaussian
a way to turn a

integer into a non-negative integer.
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N(l) = N(( + On) = 12 + o =

N(il = N(o + (i) = 0+ 1=

-



Bef: An element ne[[i]

is called a wit if

-
+= 1t[i] .

So
,

I is a unit.

# = -1E[() .

So, I is a unit.

(i)(-i) = -i = - ( - 1) = 1

So s
+ =

-it][n] .

i and -i

+
= iez() .

Janits
-



To rem: Let zEX[i] .

Then z is a unit iff N(z) = 1.

Moreover
,

the only units are

1
,
-1

,
i

,
and -i.

-

Port:8) Suppose Z is a unit .

Let w = E
Then We [i] Since z is a

unit ,

So
, zw = 1.

Then, N(zw) = N(l)

So,



bothareaerative
integers in 2

This
,

N(z) = ) and N(w) = 1.

So
,

N(z) = 1

(8) Suppose N(z) = 1 where

Z = Xtiy and X , YE X.

Thee ,
x2 + y = 1.

So,y)(x- iy) = 1

Thus ,
z = X - iycX(i]

isavit
reover part !



E = X + iy is a unit

iff x+ y =1]

ift (x , y) = (1
,
0)

,
6-1

,
0)

,
20 , 1)

,
10

,-1)

iff z = 1
, -1

, i ,
-i

--
Y

1 -

N
- N(z) = 1

-~
-i



-lef: Let z
,
weX[i]

with z0 .

We say that

and write
zdivides we

zw ,
if there exists

Re[[i] where w = zk .

If this is the case
then

o
1 -i+ i -i

1 -i

1 - ( - 1)
2

( + i))2 and (1-i)/2



#3=

anda
in integer

non-zero

has several divisors

Why !

Let z be a
Gaussian integer.

Then

z = (z)(i) z = (iz)(- i)

z = ( - z)(- 1) z = (-iz)(i)



This
,
I has these divisors always :

1
,

-1
,
i

,
- i

,
z

,

- z
,
iz

,

- iz

-
- associatesunits

of Z

↳
We say that z isine

in X(i] if

Dz is not a
unit

② the only divisors of z are

-i, z-z ,
z,i

-
~ associates of Z



:See in notes that

-isPrimeina
5 = (2 + i)(2 -i)

So
,

2 and 5 are
not prime

[i]


